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Abstract. These are introductory notes on the study of the
Dirac equation in curved spacetime and its relation to hidden
symmetries of the dynamics. We present general results on
the relation between special spacetime tensors and hidden
symmetries, both for the full Dirac equation and for its semi-
classical limit, the spinning particle. A concrete application of
the general results is provided by the case of rotating higher
dimensional black holes with cosmological constant, which we
discuss. For these metrics the Dirac equation is separable and
the relation between this and hidden symmetries is explained.
1. Introduction
The Dirac equation, since its derivation in 1928, has successfully described
the relativistic hydrogen atom and phenomena such as the existence of
anti-particles. A natural evolution of the theory, stimulated by the progress
in General Relativity, is that of studying relativistic spin 12 particles on
a curved background, such as for example the Schwarzschild and Kerr
spacetimes. Further development in unification theories such as String/M–
Theory and in cosmological models lead to the additional ingredient of
considering extensions of General Relativity and quantum field theories to
higher dimensions than four.
Parallel to this, the natural interest of physicists in solutions of the
Dirac equation that can be obtained by separation of variables lead to the
mathematical problem of finding a theory of separation of variables for this
system of first order equations. In the case of the classical Hamilton-Jacobi
equations, the Schro¨dinger equation and the Klein Gordon equation there
exists a well understood theory of separation of variables [1, 2, 10, 14, 11].
In this theory the main objects playing a role are special tensors, namely
Killing vectors and rank 2 Killing-Sta¨ckel tensors. With these one can
build either conserved quantities in the classical theory, or symmetry
operators in the quantum mechanical one. In the case of the Dirac equation
instead a complete theory of separation of variables is still lacking. Several
known cases of separation of variables for the Dirac equation involve
only symmetry operators of first order in the derivatives, such as the
Dirac equation in the Kerr metric or the higher dimensional Kerr-NUT-
(A)dS metrics that we will discuss in this review. First order symmetry
operators have been built in 4 dimensions first and successively in arbitrary
dimensions and signature [21, 8, 15, 3, 4]. However, Fels and Kamran have
shown that there exist cases where the Dirac equation is separable but the
separability is underlain by the existence of symmetry operators of order
higher than one. In some cases second order symmetry operators have been
built, see [7] and references therein, but neither the general construction
is known for arbitrary dimension, nor there is control on necessary and
sufficient conditions for separability.
In this review we present the current knowledge on first order symmetry
operators of the Dirac equation. We show how these are in exact
correspondence with special Conformal Killing-Yano tensors, and the
relation between spacetime differential forms and Clifford algebra valued
operators. We discuss one important application, the separability of the
Dirac equation in Kerr-NUT-(A)dS metrics, which is fully accounted for by
a complete set of linear symmetry operators that are mutually commuting
and admit common separable spinorial eigenfunctions. We also briefly
discuss the semi-classical limit of the Dirac equation, the theory of the
supersymmetric spinning particle. In this theory the analogue of linear
symmetry operators is given by phase space functions that are linear in
the momenta and correspond to generators of extra supersymmetries. For
Kerr-NUT-(A)dS metrics it is possible to show that the bosonic sector of
the theory is integrable, and its integrability is related to the presence of
Killing vectors and of a set of new conserved quantities that are quadratic
in the momenta and generalise the quadratic conserved quantities of a
scalar particle to the case with spin.
2. Gamma matrices and differential forms
In this section we discuss the one-to-one map between differential forms
on a spin manifold and sections of its Clifford bundle. The application of
interest for this review is the fact that the properties of Conformal Killing-
Yano tensors, which are differential forms, automatically lift to those of
appropriate differential operators defined on the Clifford bundle.
We model spacetime as a (pseudo-)Riemannian spin manifold M
of dimension n with metric gµν and local coordinates {xµ}. We use
lowercase Greek indices to denote ’curvy’ components of spacetime tensors,
associated to general diffeomorphism transformations, and lowercase latin
indices to denote ’flat’ components, associated to SO(n) or SO(1, n − 1)
transformations. Each fiber of the Clifford bundle has structure of the
Clifford algebra generated by the gamma matrices γµ, which connect the
Clifford bundle with the tangent space. The gamma matrices satisfy
γµ γν + γν γµ = 2gµν , (1)
which allows to reduce any element /α of the Clifford algebra to a
sum of antisymmetric products γµ1...µp := γ[µ1 . . . γµp] with appropriate
coefficients:
/α =
∑
p
1
p!
α(p)µ1...µpγ
µ1...µp . (2)
This representation is unique and the coefficients are given by anti-
symmetric forms α
(p)
µ1...µp ∈ Ω(p)(M), thus providing an isomorphism γ∗
of the Clifford bundle with the exterior algebra Ω(M) =
⊕n
p=0 Ω
p(M) of
inhomogeneous antisymmetric forms: /α = γ∗α, where α =
∑
p α
(p) is
an inhomogeneous form. In the rest of the review, whenever the context
makes it clear we will write α instead of /α to describe an element of the
Clifford algebra, with the action of the isomorphism implied.
The metric allows to raise and lower indices (musical isomorphism): if
α is a 1–form and v a vector, we denote the corresponding vector and 1–
form as α♯ and v♭, respectively. This generalises to higher rank tensors. We
define two operations on Ω(M). The ‘hook’ operation (inner derivative)
is an action of a vector v on any antisymmetric form α. In components:
(v
−
|α)a1...ap−1 = v
bαba1...ap−1 . (3)
For a scalar ϕ, we set v
−
|ϕ = 0. The second operation is the wedge
product. When it acts on a p–form α and a q–form β it is defined so
that in components (α ∧ β)a...b... = (p+q)!p! q! α[a... βb... ].
The Clifford algebra relation (1) means that a product of any two rank
p and q gamma matrices γµ1...µp and γν1...νq matrices can be decomposed
in terms of other gamma matrices. In particular it can be shown that for
α ∈ Ωp(M), β ∈ Ωq(M) Clifford bundle forms, with p ≤ q, the Clifford
product expands as
αβ =
p∑
m=0
(−1)m(p−m)+[m/2]
m!
α∧
m
β , (4)
where the ∧m contraction operator is defined recursively as
α∧
0
β = α ∧ β ,
α∧
k
β = (Xa−|α) ∧
k−1
(Xa
−
| β) (k ≥ 1) ,
α∧
k
β = 0 (k < 0) . (5)
Given a set of n–beins
{
eaµ
}
, we can build n 1–forms ea = eaµdx
µ, with
Xa = (ea)♯ a dual vector basis. The ea are mapped under γ∗ to ’flat’
gammas matrices that satisfy (1) with the flat metric ηab instead of g.
Flat and curvy indices can be transformed one into the other using either
eaµ or its inverse E
µ
a , such that e
a
µE
µ
b = δ
a
b and e
a
µE
ν
a = δ
ν
µ. We can also
group the ea together and consider a single object γ∗(e
a) which transforms
as an SO(n) tensor. We lift the covariant derivative given on Ω(M) to one
on γ∗ (Ω(M)) by asking that for any α in the Clifford bundle
∇aα = ∂aα− ωa ∧
1
α , (6)
where ∂aα = Xa[α] = E
µ
a ∂µα, and ωa is the connection 2-form
ωa =
1
2ωabce
b ∧ ec and ωabc are the components of the spin connection. For
a form which is also an SO(n) tensor such as ea the covariant derivative
becomes
∇aeb = ∂aeb + ωabc ec − ωa ∧
1
eb . (7)
In particular for the n–bein tensor itself ∇aeb = 0.
Lastly we introduce the degree operator pi that acts on an
inhomogeneous form α =
∑
p α
(p) as piα =
∑
p=0 p α
(p).
In this formalism the Dirac operator is written as D ≡ ea∇a = ∇aea,
the exterior derivative acting on forms as d = ea ∧ ∇a = ∇a ea∧, and the
co-differential δ = −Xa
−
|∇a = −∇aXa−| . All these expressions are to be
understood as operators acting on the right.
3. Special Killing-Yano tensors
Conformal Killing-Yano tensors (CKY) are forms fµ1...µp = f[µ1...µp] such
that
∇λ fµ1...µp = ∇[λ fµ1...µp] +
p
D − p+ 1gλ[µ1∇
ρf|ρ|µ2...µp] , (8)
or equivalently without using components
∇Xf = 1
pi + 1
X
−
| df − 1
n− pi + 1X
♭ ∧ δf , (9)
for any vector X . When p = 1 this reduces to the Killing equation.
The formula above generalises automatically to the case of inhomo-
geneous forms. When f is co-closed, δf = 0, f is called a Killing-Yano
form (KY), and when it is closed, df = 0, it is called a closed conformal
Killing-Yano form (CCKY). Equation (9) is invariant under Hodge dual-
ity, interchanging KY and CCKY tensors. A symmetry operator for the
Dirac equation is an operator S that R–commutes with D, or in other
words such that DS = RD for some operator R. It maps solutions of the
massless Dirac equation into solutions. Benn, Charlton, and Kress [3, 4]
have shown the important result that, in all dimensions n and arbitrary
signature, R–symmetry operators of the massless Dirac operator that are
first-order in derivatives are in one to one correspondence with CKY forms.
Any such operator S can be written as
S = Sf + αD , (10)
where α is an arbitrary inhomogeneous form, and Sf is given in terms of
an inhomogeneous CKY form f obeying (9) according to
Sf = X
a
−
| f ∇a + pi − 1
2pi
df − n− pi − 1
2(n− pi) δf . (11)
The freedom of adding an arbitrary form α is unavoidable. In [5] it was
shown that, as a special case, the most general first-order operator S that
strictly commutes with D splits into the Clifford even and Clifford odd
parts
S = Se + So , (12)
where
Se = Kωo ≡ Xa−|ωo∇a +
pi − 1
2pi
dωo , (13)
So =Mωe ≡ ea ∧ ωe∇a −
n− pi − 1
2(n− pi) δωe , (14)
where ωo is an odd KY form and ωe is an even CCKY form.
Given a KY p–form f it is possible to see that the tensor
Kµν = fµλ1...λp−1f
νλ1...λp−1 , (15)
is Killing–Sta¨ckel. Such a tensor satisfies ∇(λKµ1...µp) = 0 and is
associated to conserved quantities of higher order in the momenta for the
theory of the classical particle.
In [17] it was shown that CCKY tensors form an algebra under the
wedge product. In particular, closed conformal Killing–Yano tensors of
rank 2 that are non-degenerate are called Principal conformal Killing–
Yano (PCKY) tensors. They are crucial for the integrability of various
systems in four and higher dimensional black hole spacetimes.
Generalisations of these concepts to the case of metrics with torsion
and fluxes have been treated in [12, 20].
4. Kerr-NUT-(A)dS black holes
While a classification of Lorentzian metrics with a PCKY tensor is not
available, the analogue problem in Riemannian signature has been solved
[13, 16]. The most general canonical metric admitting a PCKY tensor in
n = 2N + ε dimensions, ε = 0, 1, is given by
ds2 =
N∑
µ=1
[
dx 2µ
Qµ
+Qµ
(N−1∑
j=0
A(j)µ dψj
)2]
+ εS
( N∑
j=0
A(j)dψj
)2
. (16)
Here, coordinates xµ (µ = 1, . . . , N) stand for the (Wick rotated) radial
coordinate and longitudinal angles, and Killing coordinates ψk (k =
0, . . . , N −1+ε) denote time and azimuthal angles associated with Killing
vectors ξ(k) = ∂ψk . We have further defined the functions
Qµ =
Xµ
Uµ
, Uµ =
∏
ν 6=µ
(x2ν − x2µ) , S =
−c
A(N)
, (17)
A(k)µ =
∑
ν1,...,νk
ν1<···<νk, νi 6=µ
x2ν1 · · · x2νk , A(k) =
∑
ν1,...,νk
ν1<···<νk
x2ν1 · · · x2νk . (18)
The quantitiesXµ are functions of a single variable xµ, and c is an arbitrary
constant. The vacuum (with a cosmological constant) black hole geometry
is recovered by setting
Xµ =
N∑
k=ε
ck x
2k
µ − 2bµ x1−εµ +
εc
x2µ
. (19)
This choice of Xµ describes the most general known Kerr-NUT-(A)dS
spacetimes in all dimensions [9]. The constant cN is proportional to the
cosmological constant and the remaining constants are related to angular
momenta, mass and NUT parameters.
The PCKY tensor reads [19]
h = db , b =
1
2
N−1∑
j=0
A(j+1)dψj . (20)
The 2j-forms h(j), which are the j-th wedge power of the PCKY tensor h,
h(j) = h ∧ · · · ∧ h, form the tower of associated closed conformal Killing–
Yano tensors. Their Hodge duals are KY forms and can be ‘squared’ to
rank 2 Killing–Sta¨ckel tensors.
5. Separability of the Dirac equation in the Kerr-NUT-(A)dS
metric
According to the results of section 3, to the N + ε Killing vectors
ξ(0), . . . , ξ(N−1+ε) are associated the operators Kξ(0) , . . . ,Kξ(N−1+ε) , which
commute with the Dirac operator D. And to the N CCKY forms h(j)
are associated operators Mh(1) , . . . ,Mh(N−1) , which also commute with D.
In [5] it has been shown that all these operators are in fact mutually
commuting. Thus it is possible to diagonalise them simultaneously and to
look for common spinorial eigenfunctions.
The Dirac equation in this metric had been shown to be separable by
a direct calculation in [22]. A geometrical understanding of the result
has been given in [6], where it has been shown that the solution to the
eigenvalue problem
Kξ(k)χ = iΨkχ , Mjχ = mjχ , (21)
can be found in the tensorial R–separated form
χ = R exp
(
i
∑
k Ψkψk
) ⊗
ν
χν , (22)
where {χν} is an N -tuple of 2-dimensional spinors and R is an appropriate
Clifford bundle-valued prefactor. χν depends only on the variable xν ,
χν = χν(xν), and satisfies the equation[( d
dxν
+
X ′ν
4Xν
+
Ψ˜ν
Xν
ι〈ν〉 +
ε
2xν
)
σ〈ν〉
−
(−ι〈ν〉)N−ν√
|Xν |
(
ε
i
√−c
2x2ν
+mν
)]
χν = 0 ,
(23)
where
Ψ˜µ =
∑
k
Ψk(−x2µ)N−1−k , (24)
and
mν =
∑
j
(−i)jmj
(−ι〈ν〉xν)N−1−j . (25)
The operator ι〈ν〉 acts as a σ3 Pauli matrix on the 2-spinor χν while leaving
the other spinors χµ, µ 6= ν, invariant, and similarly σ〈ν〉 acts as as σ1.
The solution (22) is the same as that given in [22]. The arbitrary
integration constants found there are related to the eigenvalues Ψk and
mj .
6. The spinning particle
The spinning particle theory can be thought of as a semi-classical
description of a Dirac fermion. The degrees of freedom are coordinates
xµ and Grassmannian variables θa related to the spin. The Hamiltonian
is given by
H =
1
2
ΠµΠνg
µν , Πµ = pµ − i
2
θaθbωµab = gµν x˙
ν , (26)
where pµ is the momentum canonically conjugate to x
µ and Πµ is the
covariant momentum. Poisson brackets are defined as
{F,G} = ∂F
∂xµ
∂G
∂pµ
− ∂F
∂pµ
∂G
∂xµ
+ i(−1)aF ∂F
∂θa
∂G
∂θa
, (27)
where aF is the Grassmann parity of F .
The theory is worldsheet supersymmetric and the generator of
supersymmetry is given by
Q = θaea
αΠα , (28)
which obeys
{H,Q} = 0 , {Q,Q} = −2iH . (29)
Equations of motion are accompanied by two physical (gauge)
conditions
2H = −1 , Q = 0 , (30)
In the Kerr-NUT-(A)dS spacetimes there are (N + ε) Killing vectors
ξ(k). It is possible to show that with these one can construct bosonic
superinvariants linear in velocities, given by
Qξ(k) = ξ
α
(k)Πα −
i
4
θaθb(dξ(k))ab . (31)
These can be used to express some components of the velocities Π in terms
of the conserved quantities and of the θ variables. In [18] it was shown
that it is possible to find N further bosonic supersymmetric conserved
quantities K(j), this time quadratic in the velocities. These new quantities
will not be conserved nor supersymmetric in a general metric, but they are
for Kerr-NUT-(A)dS. The (N + ε) +N = n quantities are all independent
and using them it is possible to express all the components of Π, thus
showing that the bosonic sector of the theory is integrable.
The quantities K(j) are written as
K(j) = Kµν(j)ΠµΠν + Lµ(j)Πµ +M(j) ,
Lµ(j) = θaθbL(j)abµ , M(j) = θaθbθcθdM(j)abcd . (32)
The tensors K, L and M are given by
Kµν = fµκ1...κp−1fνκ1...κp−1 ,
Lµν
ρ = − 2i
p+ 1
f[µ|κ1...κp−1|(df)ν]
ρκ1...κp−1
− 2i
p+ 1
(df)µνκ1...κp−1f
ρκ1...κp−1 , (33)
Mµνρσ = − i
4
∇[µLνρσ] .
Here fµ1...µp is the appropriate rank-p Killing–Yano tensor present in the
spacetime.
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